Abstract. We classify all biquotients whose rational cohomology rings are generated by one element. As a consequence we show that the Gromoll-Meyer 7-sphere is the only exotic sphere which can be written as a biquotient.
Let G be a compact Lie group and H ⊂ G × G be a compact subgroup. Then H acts on G on the left by the formula (h 1 , h 2 )g = h 1 gh −1 2 . If this action happens to be free the orbit space is a manifold which is called a biquotient of G by H and denoted by G//H. In the special case when H has the form K 1 × K 2 where K 1 ⊂ G × 1 and K 2 ⊂ 1 × G we will often write
Biquotients are natural generalizations of homogeneous spaces, and like homogeneous spaces, have metrics with nonnegative sectional curvature induced by biinvariant metrics on G. The concept of a biqoutient was first introduced by Gromoll-Meyer in [GM] , where they showed that one of these biquotients, Sp(2)//Sp(1), is an exotic 7-sphere, which produced the first example of an exotic sphere with nonnegative curvature. Biquotients were later on examined more systematically in [Es] , [Bo] in the context of a search for new manifolds with positive sectional curvature. In fact, all known examples of manifolds admitting metrics of positive sectional curvature are given by biquotients.
Some attempts were made to find other exotic spheres which could be written as biquotients but they proved unsuccessful. We will show in this paper that any such attempt must indeed fail. More generally we classify the biquotients which are rationally spheres and projective spaces, extending a well known classification in the homogeneous case [Be, :
Theorem A. Let M = G//H be a compact, simply connected biquotient whose rational cohomology ring is generated by one element. Then M is either diffeomorphic to a compact rank one symmetric space, or it is diffeomorphic to one of the eight homogeneous spaces or four biquotients in Table B .
Some comments may be helpful, in order to understand the examples in this Table. The subscript for the 3 dimensional subgroups denotes the index of the subgroup, where a simple subgroup H in a simple Lie group G has index k if the induced map π 3 (H) Z → π 3 (G) Z is multiplication by ±k, which in particular means that π 3 (G/H) Z k . Notice that Sp(1) 10 is the unique maximal 3 dimensional subgroup in Sp(2), such that Sp(2)/Sp(1) 10 is the normal homogeneous Berger space with positive curvature (in fact the only entry in Table B which is known to admit a metric with positive sectional curvature).
The 3 dimensional subgroups in G 2 can be described as follows: In G 2 one has the equal rank subgroups SO(4) and SU (3). The subgroup SO(4) contains two normal SU (2)'s. One of them has index one in G 2 and is also contained in SU (3) ⊂ G 2 . The quotient G 2 /SU (2) 1 is diffeomorphic to SO(7)/SO(5). The other SU (2) ⊂ SO(4) has index 3 in G 2 . One also has Both authors were supported by grants from the National Science Foundation. The second author was also supported by the Francis J. Carey Term Chair.
G//H
range of n rational type Table B . Rational Spheres and Projective Spaces a subgroup SO(3) ⊂ SO(4) which has index 4 in G 2 , and is also contained in SU (3). Finally there exists a maximal SO(3) in G 2 which has index 28. The biquotient G 2 //SU (2) is obtained by letting SU (2) act via the index three SU (2) on the left, and the index four SO(3) on the right. The Gromoll-Meyer sphere Sp(2)//Sp(1) is obtained by letting Sp(1) act via diag(q, q) on the left, and diag(q, 1) on the right. In the two even dimensional biquotients, the subgroup on the left is embedded as diag(1, A, · · · , A) where A lies either in SO(2) or in SU (2). Of these four biquotients, all but the Gromoll-Meyer sphere were first discovered by Eschenburg in [Es] , except that he did not discuss their topological properties.
By computing the cohomology rings and the Pontrjagin classes, we will show that none of these spaces are homeomorphic to each other, except that Sp(2)//Sp(1) is homeomorphic to S 7 [GM] , and the rational 11 sphere G 2 //SU (2) is homeomorphic to SO(7)/SO(5) T 1 S 6 G 2 /SU (2). At the moment we are unable to decide if the last two spaces are diffeomorphic or not, but we at least show they can only differ from each other by a connected sum with one of the 992 homotopy 11-spheres.
In particular we obtain the following Corollary C. The only biquotient which can be an exotic sphere is diffeomorphic to the Gromoll-Meyer sphere Sp(2)//Sp(1).
Some of the other spaces given by Theorem A also have interesting relationships. We will show that the Grassmannian SO(2n + 1)/(SO(2n − 1) × SO(2)) and the biquotient SO(2)\SO(2n + 1)/SO(2n − 1) have the same cohomology rings, and they also have the same integral cohomology groups as CP 2n−1 , but they can be distinguished by their Pontrjagin classes. Similarly, SU (2)\SO(4n + 1)/SO(4n − 1) has the same integral cohomology groups as HP 2n−1 , but a different ring structure.
After a first version of this paper was finished, the preprint [T] by B. Totaro came to our attention, where the author independently classifies all biquotients which are rational homology spheres. In that paper Totaro also determines exactly which Cheeger manifolds (i.e connected sums of two compact rank one symmetric spaces) can be written as biquotients and proves some other interesting results about rational structure of biquotients.
At the same time B. Wilking pointed out to us that the reduction to the simple case, which in our first version was more complicated, can be easily achieved by Lemma 1.4, which we then noticed is also Lemma 4.5 in [T] . We will use this simplified version of the proof. We would finally like to thank B. Wilking for several further useful comments.
1. Reduction to the case of a simple G Throughout this section all cohomology have rational coefficients and all homotopy groups are tensored with Q. Also for the purposes of the proof we will use the following equivalent but formally stronger definition of a biquotient, see [Es] :
Let H ρ → G × G be a homomorphism and let ∆Z G be the diagonal embedding of the center
It is clear that Z lies in the kernel of the usually defined biquotient action of H on G. Suppose the biquotient action of H/Z on G is free. Then the quotient space is a manifold diffeomorphic to (G/ρ(Z))//(H/Z) which we will still denote by G//H.
In this section we will also not distinguish between a simple group and its various covers, using e.g. the same notation for SO(n) and Spin(n).
We first need to recall some well known facts about rational cohomology of Lie groups. A Lie group of rank n is rationally homotopy equivalent to a product of a finitely many odd dimensional spheres S
n . The dimensions of the spheres corresponding to various simple groups are listed in Table 1 
F 4 3, 11, 15, 23 9, 11, 15, 17, 23 E 7 3, 11, 15, 19, 23, 27, 35 E 8 3, 15, 23, 27, 35, 39, 47, 59 First notice that by passing to a finite cover we can assume that both G and H are products of compact simple or abelian groups. Indeed, let π : G → G be a finite cover of G that splits as a product of simple or abelian groups
From now on we can assume that G and H already have the product forms
since M is simply connected, by Lemma 1.3 we can assume that G has no abelian factors.
Next let us describe the rational homotopy type of M . We are given that H * (M, Q) is generated by one element a, which easily implies that M is formal. Indeed, the naturally defined
is clearly a DGA quasi-isomorphism. Thus M is formal over R and hence, by the field extension theorem [FHT, page 156] , it is formal over Q.
If deg a is odd, it is obvious that dim M = deg a and M is rationally equivalent to Let
n be the fiber inclusion. By looking at the long exact homotopy sequence of the fibration
By the above, all but one of the coordinate projections i k : H → G k are onto on π * .
Lemma 1.4. Let f : H → G be a continuous map between compact connected Lie groups. Suppose the induced map f
Proof. We are going to show that the induced map f * : H * (G) → H * (H) is injective. First observe that since both H and G are rationally products of odd-dimensional spheres their cohomology algebras are free exterior algebras on a finite number of odd-dimensional generators. Thus for both H and G the vector spaces spanned by those generators (denoted by V H and V G respectively) can be naturally identified with quotients of H * by decomposable elements H * + /(H * + · H * + ). The assumptions of the Lemma imply that the induced map f * :
In particular, the image of the fundamental cohomology class [G] is nonzero and hence f is onto.
By Lemma 1.4 for all but one factor G i the action of H on G i is transitive. Therefore by Lemma 1.3 we can reduce the number of simple factors of G to one. This concludes the proof of Proposition 1.2.
Case of a simple G and Proof of Theorem A
We are now ready to proceed with the proof of Theorem A in the Introduction. We can assume that H * (M ) = Q[a]/a m+1 , and that M = G//H with G simple.
Let the embedding H ⊂ G×G be given by (j − , j + ) where j − and j + are two homomorphisms. If one of these is trivial, we are in the situation of a homogeneous space where we can use the classification in [Be, or [On] to obtain the first half of Table B .
We will now distinguish between the case dim M odd and dim M even and use results from the proof of Proposition 1.2 in each case, as well as the fact that for any simple Lie group rank π 3 = 1.
If dim M is odd and hence
) as rings and rank G = rank H + 1. If dim M = 3, H must be trivial and hence G//H is homogeneous. If dim M > 3, then G and H are both simple, and hence j − and j + are either homomorphisms with finite kernels, or trivial. Now one can easily produce a list of all simple pairs [Be, and [On] ), although this is not a priori clear.
G
H range of n number of reps In the first 5 cases, the embedding of H in G is unique up to conjugacy and hence these cases only give rise to homogeneous biquotients. In the remaining cases there exist at least two embeddings of H and hence the possibility of a biquotient.
The three representations of Spin (7) in Spin(8), as well as the two representations of Spin(7) in Spin(9) intersect in G 2 and hence this case cannot give rise to a biquotient. The group SU (3) has the index 1 subgroup SU (2) and the index 2 subgroup SO(3) which intersect in a circle and hence cannot give rise to a biquotient. The group Sp(2) has the index one subgroup (2), and the maximal index 28 subgroup Sp(1) ⊂ Sp(2). It is not hard to see that only the first two can be combined to give rise to a biquotient, the Gromoll Meyer sphere Sp(2)//Sp(1). The exceptional group G 2 has 4 three dimensional subgroups described in the Introduction. The question which biquotients this gives rise to is more complicated. However, the general situation of rank G = 2 and rank H = 1 has been completely examined in [Es, where it was shown that it gives rise to only two biquotients. The first one is the Gromoll Meyer sphere and the second one is G 2 //SU (2), where one uses the index 3 and index 4 subgroups for j − and j+.
If dim M and hence deg a is even, we have rank G = rank H, and since G is simple, it follows that H is simple if deg a > 4, H has two simple factors if deg a = 4, and H = H 1 × S 1 with H 1 simple if deg a = 2.
If G//H is not homogeneous, the maximal torus in H must give rise to a (two-sided) biquotient action of a torus on a simple Lie group G, whose dimension is equal to the rank of G. These were all classified in [Es] . Such biquotient tori actions are fairly rare, and in particular none exist for the exceptional Lie groups. Furthermore these tori are all such that there exists a codimension 1 torus which acts only on one side of G, say on the right, and the remaining circle either acts on the left or on both sides. Hence it follows that the image of the projection of H onto the right side is a rank one group and the kernel a rank H − 1 normal subgroup of H. Hence H = H 1 × H 2 with H 2 simple and H 1 is either S 1 , SO(3) or SU (2). Hence G/H 2 must be a homogeneous space which is either an odd dimensional rational homology sphere or is rationally equivalent to M × H 1 . Since both G and H 2 are simple it easily follows that G/H 2 must be a rational sphere. Now we use Table 2 .1 and determine if a further rank 1 group H 1 can act freely on it. If G/H 2 is diffeomorphic to a sphere, the action of G on this sphere is linear and hence H 1 can only be one of the Hopf actions which implies that the quotient is diffeomorphic to a projective space.
According to Table 2 .1, the only remaining cases are G/H 2 = SO(2n + 1)/SO(2n − 1) or SU (3)/SO(3), Sp(2)/Sp(1) 10 and G 2 /SU (2), where we have used the fact that Sp(2)/∆Sp(1) = SO(5)/SO(3). In each case we now have to determine if H 1 can act freely on it. But Eschenburg's classification of maximal tori that act freely immediately implies that the only possibilities are the two entries SO(2)\SO(2n + 1)/SO(2n − 1) and SU (2)\SO(4n + 1)/SO(4n − 1) in Table  B . Here SO(2) and SU (2) stand for "Hopf actions" diag(1, A, · · · , A) where A lies either in SO(2) or in SU (2). This finishes the proof of Theorem A.
Remark. In the homogeneous case, one not only has a diffeomorphism classification of the homogeneous spaces which are rational homology spheres, but in each case can also determine in how many ways the manifold can be written as a homogeneous space. In the case of biquotients, such a classification is possible if G is simple, using [Es, Table 101 ]. Notice that in this Table, there are quite a few biquotients which are diffeomorphic to CP n or HP n without being homogeneous. If G is not simple, there are many possibilities, and in fact we can increase the number of simple factors in G arbitrarily by using the fact that G//H = ∆G\G × G/H repeatedly.
Diffeomorphism classification
Theorem 3.1. None of the spaces listed in Theorem A are mutually diffeomorphic except possibly the rational 11-spheres G 2 //SU (2) and SO(7)/SO(5) (which can also be written as G 2 /SU (2) 1 ). These two spaces are PL-homeomorphic but may possibly differ by a connected sum with an exotic 11-sphere.
Proof. The homogeneous spaces can easily be differentiated from the rank one symmetric spaces and from each other by the torsion in their cohomology, see e.g. [MZ] .
Here we will only need the integral cohomology groups of SO(2n + 1)/SO(2n − 1) = T 1 S 2n , which follows easily from the Gysin sequence of the bundle S 2n−1 → T 1 S 2n → S 2n :
Let us next consider the rational
Let us first compute the integral cohomology rings of M and N . From the Gysin sequence of the bundle
Moreover from the same sequence we see that the Euler class of this bundle a M ∈ H 2 (M ) is a generator of H 2 (M ) and the following sequences are exact
Hence the ring structure is determined by the fact that a n M is twice a generator in H 2n (M ) and thus M is not homotopy equivalent to CP 2n−1 .
The same argument works for N and thus M and N have isomorphic cohomology rings. To compare M and N to each other we will show that they have different rational Pontrjagin classes and thus are not homeomorphic.
Observe that both M and N are quotients of T 1 (S 2n ) by different free S 1 actions. Let us describe these actions explicitly. We will identify T 1 (S 2n ) with the set {(x, y) ∈ R 2n+1 × R 2n+1 ||x| = |y| = 1, x, y = 0}. By construction, the S 1 action producing M is the diagonal action z(x, y) = (z(x), z(y)) for the embedding S 1 → SO(2n) → SO(2n + 1) with the first embedding given by the Hopf action. Observe that this action leaves the product S 2n ×S 2n invariant. It is easy to see that the normal bundle ν of T 1 (S 2n ) inside R 2n+1 ×R 2n+1 is trivial. Consider the natural orthonormal trivialization e : T 1 (S 2n )×R 3 → ν given by e 1 (x, y) = e ((x, y) , (1, 0, 0)) = (x, 0), e 2 (x, y) = e ((x, y) , (0, 1, 0)) = (0, y), e 3 (x, y) = e ((x, y) , (0, 0, 1)) = 1 √ 2 (y, x). It is easy to see that with respect to e the action of S 1 on R 3 is trivial and therefore ν descends to a trivial bundle over M .
Let p :
where T F is the tangent bundle to the fiber. It is obvious that T F 1 is a trivial bundle over T 1 (S 2n ) and therefore
Next note that the action of S 1 on R 2n+1 × R 2n+1 is equivalent to the sum of 2n copies of the standard representation and a 2-dimensional trivial representation 2 .
Combining the previous formulas we obtain the following identity
where γ M is the rank-two bundle over M associated to the principal S 1 bundle T 1 (S 2n ) → M and the canonical S 1 SO(2) action on R 2 . By construction, e(γ M ) = a M , the generator of
Let us now compute the first Pontrjagin class of N . By definition, the S 1 action on T 1 (S 2n ) which produces N is given by the following formula:
e it (x, y) = (cos tx + sin ty, − sin tx + cos ty)
In other words this is just the geodesic flow action for the round metric on S 2n . As before we see that it is equivalent to the sum of 2n+1 copies of the standard representation and therefore it descends to the bundle (2n + 1)γ N over N .
On the other hand, by the same argument as before we see that
whereν is the S 1 quotient of the normal bundle ν to T 1 (S 2n ) inside R 2n+1 × R 2n+1 . Let us studyν further. As was discussed earlier, ν is a trivial bundle. It is easy to see that with respect to the trivialization e = (e 1 , e 2 , e 3 ) the action ρ of S 1 on R 3 corresponding to ν is given by the following matrix
From formula 3.5 we see that ρ is equivalent to the sum of a rank-one trivial representation and a representation of weight 2. Therefore ν descends to the bundle η ⊕ 1 where η N is a rank-two bundle over N with Euler class 2a N . We can now rewrite formula 3.4 as follows
Finally, observe that the groups H 4 (M )/ p 1 (M ) and H 4 (N )/ p 1 (N ) are cyclic. By comparing (3.3) and (3.7) we see that these groups have different orders and therefore M and N are not homeomorphic by topological invariance of rational Pontrjagin classes.
Next let us consider the rational HP 2n−1 given by M = SU (2)\SO(4n + 1)/SO(4n − 1). A similar computation to the one in case of rational CP n 's shows that it has the following cohomology
Also, as before, if a M ∈ H 4 (M ) is a generator of H 4 (M ) then the following sequences are exact
Therefore a n M is twice a generator in H 4n (M ) and hence M is not homotopy equivalent and hence not diffeomorphic to HP 2n−1 . The biquotient Sp(2)//Sp(1) is homeomorphic but not diffeomorphic to S 7 according to [GM] .
Choose a section a 1 of the normal bundle to a such that the normal bundle to a 1 in the unit tangent bundle of a is trivial. This is not automatic since π 4 (SO(5)) = Z 2 . The easiest way to achieve this is to take the obvious section corresponding to any trivialization of the normal bundle. Let a 2 : S 5 → M be the normal sphere in the unit tangent bundle. The orientation on a 2 is uniquely determined by the orientations on M and a. More explicitly, we orient the normal D 6 to have intersection with a equal to +1 and consider the induced orientation on the normal S 5 = ∂D 6 . Let Y = X\a(S 5 ) and let y 1 = [a 1 ], y 2 = [a 2 ] be the homology classes in X given by α i . Then it can be shown that y 2 generates the kernel of the map H 5 (Y ) → H 5 (X) which is infinite cyclic. It is clear that 2y 1 lies in that kernel and therefore 2y 1 = λy 2 . It can be shown [Wa] that the quotient λ/2 is well-defined mod 2Z and we set q(a) : def = λ/2 mod 2. It is obvious that λ can not be even so q(a) can only take values ±1/2 mod 2.
If we change the orientation of X then, by construction, y 2 changes to −y 2 and hence q changes to −q. Therefore, X and −X ( which stands for the same manifold with opposite orientation) have different oriented almost diffeomorphism types and any other oriented manifold satisfying the assumptions of the Lemma (e.g. T 1 S 6 ) is orientably almost diffeomorphic to either X or −X.
Remark 3.10. Observe that two 11-manifolds satisfying Lemma 3.9 are almost diffeomorphic iff they are P L-equivalent. Indeed, a manifold X satisfying Lemma 3.9 is homeomorphic to T 1 S 6 . In particular it admits a CW decomposition e 0 ∪ e 5 ∪ e 6 ∪ e 11 . Look at the universal bundle P L/O → B O → B P L . We wish to classify different smooth structures inside a fixed P L structure on X, i.e we have to classify the homotopy types of all possible lifts of the classifying map f : X → B P L . By the general obstruction theory, the obstruction o i to extend a homotopy between two lifts from the i − 1'th to the i'th skeleton of X lives in H i (X, π i (O/P L)). Since O/P L is 6-connected we have o i = 0 for i = 1, . . . , 6. The CW structure of X then implies that o i = 0 for i = 7, . . . , 10. Thus the only possible nontrivial obstruction is o 11 and the PL class of X contains at most |H 11 (X, π 11 (O/P L))| = |π 11 (O/P L)| = 992 distinct diffeomorphism types. On the other hand, connected sums of X with different homotopy spheres have different Eells-Kuiper invariants [EK] and thus are non-diffeomorphic. Since there are exactly |π 11 (O/P L)| = 992 homotopy 11-spheres, the conclusion follows.
Thus the oriented diffeomorphism type of M is determined by its oriented P L-homeomorphism type together with the Eells-Kuiper invariant of M which at the moment we are unable to compute.
